Abstract-The position/force tracking control of Lagrangian mechanical systems with classical nonholonomic constraints is addressed in this paper. The main feature of this paper is that 1) control strategy is developed at the dynamic level and can deal with model uncertainties in the mechanical systems; 2) the proposed control law ensures the desired trajectory tracking of the configuration state of the closed-loop system; 3) the tracking error of constraint force is bounded with a controllable bound; and 4) a global asymptotic stability result is obtained in the Lyapunov sense. A detailed numerical example is presented to illustrate the developed method.
I. INTRODUCTION
Nonholonomic constraints arise when there is a rolling or sliding contact in mechanical systems [16] . A large class of systems, such as wheeled vehicles, mobile robots, multifingered robotic hands, space robots, etc., involve nonholonomic constraints. Control of nonholonomic mechanical systems has attracted significant attention recently due to the demand for control of the above-referred systems [2] . Considerable efforts have been expended in designing stabilizing controllers, and research results can generally be classified in two classes. The first is kinematic control [2] , [4] , [17] , which provides the solutions only on a pure kinematic level, yielding kinematic control such as driving speed. The second is dynamic control [3] - [13] , taking inertia and forces into account and yielding physical controls such as driving torques. The interested reader may refer to the survey paper [2] for various control methods.
The tracking problem (tracking a reference trajectory), as a much more interesting issue in practice, has received relatively less attention in the literature. Depending on whether the nonholonomic systems are presented at a kinematic or dynamic level, the tracking problem can also be classified as either a kinematic tracking problem or a dynamic tracking problem. Similar to the stabilization case, most of the work reported to date on the tracking problem is at kinematic level (see [21] for references). However, it is evident that practical applications call for solutions at the dynamic level. Recognizing the importance of addressing the tracking control problem at the dynamic level, some effort has been devoted to this problem [10] , [14] , [15] .
It is also important to note that constraints usually result from contact interaction of the machine and the environment. Therefore, the control of the forces of interactions is at least as important as the position control. Applying a conventional technique, one can reduce the number of state variables with those which provide motion complying with conManuscript received November 2, 2001 ; revised February 27, 2002 . This paper was recommended for publication by Associate Editor H. Arai and Editor I. Walker upon evaluation of the reviewers' comments.
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C. straints. Physically, this implies that the constraints provide the necessary reactions. However, the magnitude of the constrained forces may not be desirable, as a result of control efforts on position errors. Whatever sophisticated control algorithms there may be, it is impractical unless the position and the force of interaction are controlled simultaneously. However, the literature on the force control of nonholonomic mechanical systems is sparse [10] , [19] , [20] . In this paper, we are concerned with Lagrangian mechanical systems with classic nonholonomic constraints. The challenge addressed here is to ensure, at the dynamic control level, desired trajectory and constraint force tracking in the presence of parameter modeling uncertainties. By assuming complete knowledge of the constraint manifold, and taking the internal dynamics of the systems into account, a full dynamics description suitable for motion and force control is derived by decomposing the system into two cascaded subsystems: a kinematic system and a new dynamic description. A robust motion/force tracking control algorithm is then derived, ensuring that the desired trajectory and the desired constraint force can be tracked. Stability analysis shows the desired position tracking and force tracking errors are bounded with a controllable bound. The application of the developed design procedure is illustrated by an example. This paper is organized as follows. Methods developed in [10] for decomposing nonholonomic mechanical systems into two cascaded subsystems, a kinematic system and a lower dimensional dynamic system, is reviewed in Section II, and Section III presents a control strategy. The stability analysis for the complete system is also conducted in this section. Section IV provides illustrative examples using the proposed approach. In Section V, some conclusions are presented.
II. MODEL OF MECHANICAL SYSTEM WITH NONHOLONOMIC CONSTRAINTS
In this section, we are concerned with mechanical systems with a classical nonholonomic constraint, whose configuration space is an n-dimensional, simply connected manifold <, and whose dynamics are described, in local coordinates (termed generalized coordinates), by so called Euler-Lagrangian formulation as [5] , [16] D(q) q + C(q; _q) _q + G(q) =J T (q) + B(q) (1) J(q) _q = 0 (2) where q denotes the n vector of generalized coordinates; denotes the r vector of generalized control input force; 2 R m is the associated Lagrangian multipliers which expresses the contact force on the contact point between the rigid body and the environmental surface; D(q) is the (n 2 n) symmetric, bounded, positive definite inertia matrix; C(q; _q) _q presents the n vector of centripetal and Coriolis torques; G(q) is the n vector of gravitational torques; B(q) is an (n 2r) input transformation matrix, and is assumed to be known because it is a function of fixed geometry of the system; and J(q) is the (m 2 n) constraint matrix. In the system (1) and (2), the constraint equation (2) is assumed to be completely nonholonomic for all q 2 < n and t 2 <.
To completely actuate the nonholonomic system, B(q) is assumed to be a full-rank matrix and r n 0 m.
Two simplifying properties should be noted about this dynamic structure.
Property 1:
There exists a so-called inertial parameter p vector p with components depending on mechanical parameters (masses, moments of inertia, etc.,) such that [10] [24] . Henceforth, any set of linearly independent velocity variables will be termed a set of independent generalized velocities.
We thus let v be a p dimensional vector of independent generalized velocities. Moreover, we let R(q) be an n 2 p matrix defined so that it maps vector v into a vector of feasible generalized velocities _ q that obeys the kinematic constraints (2) . That is
Methods for obtaining the expression of R(q) may refer to [10] and [22] . Based on (2) and (4), it can easily be verified that
Thus, R(q) is an orthogonal complement of J.
Differentiating (4), we can obtain q = R _ v + _ Rv: (6) Therefore, the dynamic equation (1), when satisfying the nonholonomic constraint (2), can be reformulated as
where C1(q; _q) = D(q) _ R(q) + C(q; _q)R(q).
It should be noted that the whole system consists of a new dynamic model (8) together with a purely kinematic relationship (7). As will be clear in the later development, it is this cascade structure that makes it possible to design the robust control algorithm. Regarding the general treatment of modeling issues in the nonholonomic systems, the reader may refer to [25] .
III. MAIN RESULTS
We now consider the tracking problem of the uncertain nonholonomic mechanical systems discussed above. In the following development, the discussions will be focused on those systems, their kinematics can be converted into the so-called chained form [26] . In fact, it has been shown that many nonholonomic systems can be converted into the chained form [2] , and therefore, the systems to be discussed are not very restrictive in practical applications. Also, we only consider two independent generalized velocities (p = 2) cases, just for the sake of simplicity. The results can be extended to a general case. We should emphasize that our goal in this paper is to develop a force/motion tracking control strategy in a simpler setting that reveals its essential features. Interesting examples for two independent generalized velocities case include tricycle-type mobile robots, cars towing several trailers, the knife edges, and a vertical rolling wheel (see, e.g., [2] ).
A. Controller Design
In the following development, it is assumed that there exists a coordinate transformation, y = 9(q), and a state feedback, v = 1(q)u, so that the kinematic system (7) with p = 2 could be locally or globally converted to the chained form [26] _ y1 = u1 _ y j = u 1 y j+1 ; (2 j n 0 1) _ y n = u 2 :
A necessary and sufficient condition for existence of the transformation of the kinematic system (7) with p = 2 into this chained form (single chain) was given by [3] and [18] . For the general case (multichain case), the discussion on the existence condition of the transformation may refer to [26] .
Corresponding to the above transformation, the dynamic model (8) is converted as D2(y)R2(y) _ u + C2(y; _ y)u + G2(y) = B2(y) + J T 2 (y) (10) where
Since the desired trajectory q d should satisfy the constraint equation (2), therefore, there must exist a desired v d satisfying
Remark: It should be noted that the choice of the feasible trajectory for nonholonomic systems is strongly related to its flatness [6] or the choice of back-followable outputs, and itself is an active research topic [27] . It is beyond the scope of this paper to address this issue.
Based on the fact that the kinematic system (2) can be converted into the chained form (9), there must exist a transformation y d = 9(q d ) and a state feedback,
With the above transformations, the tracking problem considered in this paper can be restated as seeking a strategy for specifying a control input for (9) and (10), subject to the condition that parameters of the mechanical systems are not exactly known, such that f; y; _ yg ! f d ; y d ; _ y d g.
For the development of control law, the following assumptions are required.
Assumption (A1):
The trajectories y d and (d i y d1 =dt i ) (1 i n 0 1) are bounded and lim t!1 inf ju d1 j > 0.
Remark: As will be seen from stability analysis, Assumption (A1) on the boundedness of y d can be relaxed to: y di (2 i n) are bounded, y d1 depending on D 2 R 2 , C 2 , and G 2 . If D 2 R 2 , C 2 , and G 2 are bounded on y1, there is no boundedness requirement for y d1 . This is the case in the simulation example.
Assumption (A2):
The matrix R T 2 R 2 is nonsingular for all y 2 < n and t 2 <.
Remarks: The matrix R 2 is determined by the constraint matrix J(q) and is always a full-rank matrix. Such an assumption is generally satisfied.
With the above assumptions, the following three properties, similar to [10] , can be obtained by exploiting the structure of (10).
Property 3:
The generalized inertia matrix D3 = R T 2 D2(q)R2 is symmetric and positive definite. where 81 is a (n 2 l) regressor matrix and p is the l vector of inertia parameters.
Observe that complete nonholonomic mechanical system model (9) and (10) consists of the two cascaded subsystems. As a consequence, the system's generalized velocity u cannot be commanded directly, as is assumed in the design of controllers at the kinematic level, and instead must be realized as the output of mechanical system dynamics (10) through . The above properties imply that the dynamics (10) retains the mechanical system structure of the original system (1), which is fundamental for designing the robust control law. In this section, we will develop a strategy so that the subsystem (9) tracks y d with an embedded control input [i.e., z in (17)], and at the same time, the output of mechanical subsystem (10) is controlled to track this embedded control input. In turn, the tracking goal can be achieved.
To design an embedded control input so that the subsystem (10) (14) where l = n 0 2, u [i] d1 means the ith derivative of u d1 , and k i (2 i n 0 1) are positive constants.
We suppose only that the parameter vector p is uncertain. The robust force/motion tracking control law with the unknown inertia parameter vector p , is then defined as shown in (15)- (19) at the bottom of the page, where s is defined as s = e0; 81 is defined in Property 5; K e is an n 2 n positive definite matrix, 2 R + used in (16) is the upper bounds of unknown inertia parameter p , i.e., k p k , which is assumed known. The force term c is defined as
where K is a constant matrix of force control feedback gains.
Remarks: 1) The structure of the above controller is sketched in Fig. 1 . The controller consists of two parts. In the first part, z represents an embedded control input, which may be viewed as an adaptive controller that ensures the desired tracking of y d for the subsystem (9) if the mechanical dynamics described by (10) were not present. In the second part, the input intends to regulate u about the embedded control input, and therefore, attempts to provide control input necessary to make the desired tracking. The control law (15) in the second part is, in a simple fashion, related to the bounds of inertia parameters p so that the parameter variations in the dynamics can be taken into account easily.
2) For the development of the above control law, this paper takes the common assumption that the constraint matrix J(q) is known, i.e., there are no uncertainties for the kinematic system (2). This assumption is reasonable, since the kinematical parameters are geometric and relatively easy to measure. If this is not the case, the technique developed in [28] to deal with uncertainties in the kinematic system may be applied. However, as mentioned above, the purpose of this paper is to reveal the essential feature of controller development. We will not discuss this issue here for the sake of simplicity.
3) The control law (15) for the subsystem (10) is designed based on the sliding-mode theory. In this case, this sliding-mode control law is discontinuous across 8 T 1 R 2 (u0z), and such a control law may lead to control chattering. Chatter is undesirable in practice because it involves high control activity, and further, may excite high-frequency dynamics which were neglected in the course of modeling. This can be remedied by approximating this discontinuous control law by a continuous one inside the boundary layer. This is the commonly and practically accepted method. To do this, the term
, where is the boundary layer thickness. This leads to tracking to within a guaranteed precision. The proof of the boundedness of the tracking error is omitted here, in order to reveal the essential feature of controller development and avoid the overwhelming mathematics.
4) Suppose ' in control law (16) 
B. Stability Analysis of the Closed-Loop System
Denotingũ = u 0 z = [ũ1ũ2], the closed-loop system of (9), (10), and (15) 
Before giving the stability analysis of the above closed-loop system, the following lemmas are required.
Lemma 1: Given a differentiable function (t): R + ! R, if (t) 2 L2 and _ (t) 2 L1, then (t) ! 0 as t ! 1 [30] . Lemma 2: If a given differentiable function (t): R + ! R converges to some limit value when t ! 1, and if the derivative (d=dt)(t) of this function is the sum of two terms, one being uniformly continuous and the other one tending to zero when t ! 1, then (d=dt) ! 0 when t ! 1 [17] .
The stability of the above closed-loop system is established in the following theorem.
Theorem: Consider the mechanical system described by (9) and (10), subject to Assumptions (A1) and (A2), the robust adaptive controller specified by (15)- (19) ensures that all closed-loop signals are bounded. Furthermore, y 1 , y 2 ; . . . ; y n asymptotically converge to y d1 , y d2 ; . . . ; y dn , and ( 0 d ) is inversely proportional to the norm of the matrix (K + I).
Proof: Multiplying R T 2 on both sides of (21), using (5) 
The time derivative of V 1 (t) along the solution of (20)- (22) 
The time derivative of V 2 (t) along the solution trajectory of (21) 
from the Cauchy-Schwartz inequality and our assumption on kpk.
Thus, one has _ V2 0ũ T R T 2 KeR2ũ 0ũ T 3:
Based on (27) and ( 
The considered positive function V (t) is, thus, nonincreasing. This, in turn, implies that , s, andũ are bounded, and V (t) converges to limit value V lim . By the definition of s, it concludes that e is bounded. Using Assumption (A1) in the theorem, it follows that y is bounded.
In view of (20)- (22) On top of this, the control of contact force is also included. In the literature, there are only limited reports considering the dynamic tracking problem [10] , [14] , [15] , and the results developed in [10] , [14] , and [15] can be considered as special cases of our result. Therefore, this paper gives a general solution for the dynamic tracking problem of the nonholonomic systems with uncertain inertia parameters.
IV. SIMULATED EXAMPLE
A simplified model of a mobile wheeled robot moving on a horizontal plane, constituted by a rigid trolley equipped with nondeformable wheels, as shown in Fig. 2 , is used to verify the validity of the control approach outlined in this paper. Details regarding the system may be found in [5] .
The dynamic model can be expressed as [5] m x = cos 0 1
where x, y are the coordinates of the reference point Q in the inertial frame, is the orientation of the basis with respect to the inertial frame, m is the mass of the robot, and Io is its inertia moment around the vertical axis at point Q, P is the radius of the wheels and 2L the length of the axis of the front wheels, and 1 and 2 are the torques provided by motors. The nonholonomic constraint is written as _ x cos + _ y sin = 0: 
Using a diffeomorphism transformation, y = 9(q), and a state feedback, v = 1 (q)u, which are defined as y 1 Fig. 3 . Responses of (x(t) 0 x(t)), (y(t) 0 y (t)), and ((t) 0 (t)). errors of ( 0 d ), and the geometric trajectory of x via y is shown in Fig. 5 . These results confirm the validity of the proposed algorithm.
In simulations, we have tested different sets of the inertia parameters using only one set of the upper bounds (which are valid for all sets of the inertia parameters) and the results are all similar, which shows the robustness of the proposed scheme. Due to space limitation, the simulation results for different sets of the inertia parameters will not be included.
V. CONCLUSION
In this paper, the trajectory and force tracking problem is addressed for a class of uncertain nonholonomic mechanical systems, and a robust adaptive controller is presented at the dynamic level. The controller guarantees that the configuration state of the system asymptotically tracks the desired trajectory and the force tracking error is bounded with a controllable bound. The application to a simplified mobile robot is described, and the simulation results show the effectiveness of the approach.
